We present a comprehensive first-principles analysis of the non-adiabatic effects due to the electron-phonon interaction on the vibrational spectrum of the electron-doped monolayer MoS 2 . Deep changes in the Fermi surface upon doping cause the linewidth broadening of the normal modes governing the spin-conserving intervalley electronic scattering, which become unstable with the population of all the spin-split conduction valleys. We find that the non-adiabatic spectral effects modify dramatically the adiabatic dispersion of the longwavelength optical phonon modes, responsible for intra-valley scattering, as soon as inequivalent valleys get populated. These results are illustrated by means of a simple analytical model. Finally, we explain the emergence of an intricate dynamical structure for the strongly interacting out-of-plane polarized A 1 optical vibrational mode spectrum by means of a multiple-phonon quasi-particle picture defined in the full complex frequency plane, showing that this intriguing spectral structure originates from the splitting of the original adiabatic branch induced by the electron-phonon coupling. arXiv:1911.00311v2 [cond-mat.mtrl-sci] 
I. INTRODUCTION
Most standard first-principles calculations of both electronic and vibrational properties of solids [1] [2] [3] rely on the adiabatic approximation [4] , which assumes an instantaneous response of the carriers to the motion of ions, and therefore, that the lattice dynamics is only influenced by electrostatic fields. The adiabatic approximation has proved to be of great success, as demonstrated by the good agreement between experimental and theoretical phonon dispersions, as well as electron-phonon coupling strengths [5] [6] [7] [8] [9] . The reason of this success is partially due to the fact that the corrections to the vibrational spectrum induced by the interaction with electrons beyond the adiabatic approximation, i.e. nonadiabatic effects, are in most cases weak in metals [10] . However, both Migdal [10] and Engelsberg and Schriffer [11] already indicated the possibility of large non-adiabatic effects on optical phonon dispersions in the long-wavelength limit, which was subsequently studied by means of simple models [12, 13] . Since then, great efforts have been made to experimentally detect such many-body effects, mainly by Raman spectroscopy [14] , but also using inelastic neutron [15] and x-ray spectroscopies [16] , all of them being valuable tools for reporting lattice vibrational spectra. Thereby, phonon frequency renormalizations due to electron-phonon interactions have been found in several cases, among them standing out large phonon frequency hardenings of up to 30% [16] [17] [18] [19] [20] [21] [22] [23] . In all these systems, an approximated ab initio lattice vibrational theory including non-adiabatic effects has proved to be essential in order to interpret the experimental spectra, that otherwise can not be explained only within the adiabatic approach.
More recently, Raman experiments on the monolayer MoS 2 have revealed strong sensitivity to electron-doping of the optical phonons with a dominant out-of-plane polarization, which exhibit an increasing frequency softening at low carrier concentrations (ρ < 2 × 10 13 cm −2 ) [24] . Although this effect was first understood by means of adiabatic vibrational calculations, several works focussing in the small momen-tum range have pointed out the importance of non-adiabatic corrections when increasing the carrier doping concentration (ρ ∼ 5 × 10 13 cm −2 ) [25, 26] . Moreover, the experimentally measured superconductivity [27] and the intricate carrier photoemission spectra [28] at larger doping have been theoretically explained by a considerably large strengthening of the electron-phonon coupling promoted by abrupt changes in the topology of the Fermi surface (FS) [29] [30] [31] . In this respect, large adiabatic frequency softenings of the strongly interacting phonons mediating electronic inter-valley scattering have been also obtained by ab initio calculations [32, 33] .
In this paper, we analyze the non-adiabatic corrections induced by the electron-phonon coupling to the whole vibrational spectrum of the electron-doped monolayer MoS 2 from first-principles. For the phonon modes driving effective electronic inter-valley scattering, we report large spectral broadenings as soon as the corresponding spin-conserving electronhole channels are energetically allowed with increasing doping. Besides, we detect that these vibrational modes develop lattice instabilities precisely at the moment when all the multiple inequivalent spin-split conduction-valleys get populated. Interestingly, large phonon frequency hardenings and sharp dispersions emerge for the optical vibrational branches accompanied by an intricate dynamical structure and the broadening of the spectral function at finite momenta close to the Brillouin zone (BZ) center. We explain the emergent spectrum in terms of a multiple-phonon quasi-particle picture which puts in evidence the splitting of the optical phonon branch induced by the electron-phonon interaction.
This paper is organized as follows. In Sec. II, we briefly review the theory based on many-body Green's function methods for calculating from first-principles non-adiabatic effects due to electron-phonon interactions on lattice vibrations. Section III summarizes the computational details. In Sec. IV A, we shortly present the electronic and vibrational adiabatic calculations of the doped monolayer MoS 2 as a necessary step before addressing in Sec. IV B the calculated phonon spectral functions including non-adiabatic effects. In Sec. IV C, we concisely emphasize the importance of the complex frequency plane in order to correctly describe and understand the emergent and intricate spectrum in terms of phonon quasi-particles. Section V summarizes our conclusions.
II. THEORY
Since the adiabatic approximation neglects retardation effects on the electronic response to the ionic motion, the interatomic force constants are strictly real magnitudes within this approximation. The adiabatic phonons are defined as the solutions of the secular eigenvalue problem [3] ,
where ω ν (q) and e sα ν (q) are the frequency and the polarization vector of the lattice vibrational normal mode with branch index ν and momentum q, respectively. Here and in the following, atomic units are used. D αα ss (q) is the adiabatic dynamical matrix which is related to the Fourier transform of the interatomic force constant matrix, C αα ss (q), as follows:
with M s the mass of the s-th ion within the unit cell (u.c.). Since D αα ss (q) is Hermitian by definition, the adiabatic phonons as defined above have real frequencies and are, therefore, infinitely long-lived excitations [3] . Physically, the interatomic force constants describe the force acting on the s-th ion in the α direction when the s -th ion is displaced along the α direction from its equilibrium position [34] . In this sense, a useful expression for C αα ss (q) can be obtained by differentiating the Hellmann-Feynman forces [35] with respect to the ionic displacements from the equilibrium geometry and using the density linear response theory [34] C αα ss (q) =
Here, n(r), V ext (r) and E ion are the electron charge density, the electron-ion interaction external potential and the Coulomb interaction energy between nuclei, respectively. K(r, r ) is the Hartree and exchange-correlation kernel. u α s (q) corresponds to the displacement amplitude of the s-th ion along the α direction for a lattice distortion of wave vector q. ∂V scf (r)/∂ u α s (q) and ∂ n(r)/∂ u α s (q) are the self-consistent static-screened change of the external potential and charge density, respectively, with respect to the ionic displacement u α s (q). χ 0 q (r, r , ω) is the density-response function of the non-interacting electronic system, defined as [36] 
where ε k n and ψ k n (r) are the energy and wave function of the Kohn-Sham (KS) electron state of band index n and momentum k, respectively. f (ε k n ) represents the Fermi-Dirac (FD) occupation factor of the KS state, η is a positive real infinitesimal and N k is the number of k-points considered for the BZ integral. All the magnitudes presented so far are directly accessible from state-of-the-art calculations based on the density functional theory (DFT) [1, 2] and the density functional perturbation theory (DFPT) [3] . From the first term on the righthand side of Eq. 2, it is clear that the adiabatic dynamical matrix in Eq. 1 is valid as long as a electronic static-screening of lattice vibrations is similar to the response function at typical phonon frequencies, i.e. χ 0 q (r, r , ω) ≈ χ 0 q (r, r , 0). In other words, adiabatic phonons are valid as long as the phononmediated electronic transition energies between occupied and empty states are much greater than the vibrational frequencies themselves, i.e. |ε k n − ε k+q m | ω ν (q) in Eq. 3. The above condition is satisfied in insulators and large-gap semiconductors, but may be compromised for several metals and narrow-gap semiconductors. This is so because the dynamical matrix should in principle incorporate the retardation effects on the electronic response to the ionic motion with a finite frequency dependence (ω = 0). In this case, Eq. 1 becomes a self-consistent dynamical problem given by D αα ss (q, ω) − ω 2 = 0 [34] . The effects due to the dynamical response of the electron gas are equivalently taken into account by means of many-body perturbation theory based on Green's functions [36] . Within this formalism, the dressed phonon Green's function for normal modes with momentum q, D νν (q, ω), is obtained from the bare phonon Green's function, D 0 νν (q, ω), and the phonon self-energy, Π νν (q, ω), by solving the following Dyson's equation [37] 
The above equation describes the dynamical perturbation due to the electron-phonon coupling, which is encoded by the Π νν (q, ω) matrix, and in principle describes the hybridization of the bare phonon modes given by the diagonal matrix D 0 νν (q, ω). However, we found numerically that the diagonal approximation turns out to be excellent in MoS 2 , and hereinafter, only the diagonal form of the Dyson's equation is considered for simplicity. The formal definition of the phonon self-energy in Eq. 4 includes an impractical infinite series of electron-phonon Feynman diagrams. From now on we will consider only the simplest polarization diagram for the phonon self-energy [37] . This procedure leads to the extensively used expression of the so-called retarded phonon selfenergy due to the electron-phonon interaction [38] 
Here, g ν mn (k, q) are the static-screened electron-phonon matrix elements, defined as [37] g ν
which physically describe the strength of the effective coupling between the KS states |ψ k n and |ψ k+q m via the normal mode of branch index ν and momentum q. The matrix elements in Eq. 6 as well as the retarded phonon self-energy in Eq. 5 are directly computable magnitudes from DFT and DFPT calculations. The phonon self-energy physically accounts for both the dynamical (ω = 0) and static (ω = 0) screening of lattice vibrations by electron-hole pair excitations induced by the phonon itself. It therefore holds the information on the vibrational frequency renormalizations and linewidth broadenings due to the electron-phonon interaction up to first order. In this respect, from Eq. 5, it is clear that large corrections should be expected when the phonon-mediated electronic transition energies are close to the vibrational frequencies, i.e. |ε k n − ε k+q m | ≈ ω ν (q). In practice, one has to be careful when accounting for the static screening contributions to the phonon self-energy in Eq. 5, and bear in mind that these terms are already included in the adiabatic phonon calculations. Within this scheme, the bare propagator in Eq. 4 for a phonon mode with branch index ν and momentum q is defined in terms of the adiabatic phonon frequency as
Thus, the actual expression of the phonon self-energy that takes into account only retardation effects on the electronic response to the ionic motion, i.e. non-adiabatic effects due to the electron-phonon interaction, is given by [39] Π ν (q, ω) = Π ν (q, ω) − Π ν (q, 0).
Plugging now Eq. 7 in Eq. 4 and substituting Π ν (q, ω) with Π ν (q, ω), one finds the expression for the retarded dressed phonon Green's function including non-adiabatic effects:
Within the Green's function formalism, the poles of the dressed phonon propagator in Eq. 9 conform the actual vibrational quasi-particle spectrum of the system, i.e. dressed phonons with renormalized frequencies and finite lifetimes due to many-body effects. Thus, the solutions of the quasi-particle equation are defined as ω 2 − ω 2 ν (q) − 2ω ν (q)Π ν (q, ω) = 0. At this point, it is essential to realize that although ω has been so far considered as a purely real excitation frequency, the Dyson's equation should in principle be solved for the entire complex plane, where the complex poles, z ν (q), describe the phonon quasi-particle excitation frequencies, Ω ν (q), and linewidths, γ ν (q), in a unified way, z ν (q) = Ω ν (q) − iγ ν (q). This is so because the phonon self-energy is itself a complex function of complex frequency argument. The complex extension of the Dyson equation into the whole complex plane leads to two coupled non-linear equations for the renormalized phonon frecuencies and linewidths [39] :
Above, the non-linear coupling between the real and the imaginary parts of the quasi-particle poles appears explicitly obvious. Similar to the case of electrons [40, 41] , the main drawback for solving the complex phonon Dyson's equation in Eq. 10 consists on extending the phonon self-energy into the whole complex frequency plane, i.e. to consider the latter as as a complex function of complex variable. In this respect, following Ref. [40] [41] [42] [43] , one can recover a mathematically meaningful Dyson's equation in the whole complex plane by first replacing (ω → z) in the phonon self-energy for the upper half complex plane, and then analytically continuing the obtained Π ν (q, z) from the upper to the lower half complex plane. The role of the complex frequency plane in Eq. 10 has been traditionally neglected in ab initio calculations, assuming that γ ν (q) Ω ν (q) and | ImΠ ν (q, ω)| ReΠ ν (q, ω). Therefore, considering the analytical continuation of the phonon self-energy is not the standard treatment. Following the above approximations, the phonon quasi-particle frequencies may be approximated by solving the phonon Dyson's equation (Eq. 10) only along the real frequency axis, i.e. the so-called Brillouin-Wigner perturbation theory [36] , as in Ref. [16, 22, 23] , finding Ω BW ν (q) 2 ≈ ω 2 ν (q) + 2ω ν (q)ReΠ ν q, Ω BW ν (q) . An even more drastic approximation, but most frequently considered in literature, is to consider the non-selfconsistent version of the Dyson equation as in Ref. [17] [18] [19] [20] [21] , Ω RS ν (q) 2 ≈ ω 2 ν (q) + 2ω ν (q)ReΠ ν q, ω ν (q) , which is equivalent to the Rayleigh-Schrödinger perturbation theory [36] .
In this work, we compute the retarded dressed phonon Green's function in Eq. 9 by means of the first-principles calculations of the retarded phonon self-energy in Eq. 8. In Sec. IV B, we present the calculated phonon spectral functions. In Sec. IV C, we consider an approximate numerical procedure to obtain the complex phonon quasi-particle poles in the entire complex frequency plane, and discuss the possible limitations of the above standard procedures.
III. COMPUTATIONAL METHODS
All self-consistent first-principles calculations were performed using the noncollinear DFT [1, 2] and DFPT [3] with fully relativistic norm-conserving pseudopotentials [44, 45] as implemented in the QUANTUM ESPRESSO package [46] . The Perdew-Zunger local density approximation was adopted in order to describe the exchange-correlation potential [47] . For electronic calculations, we used a 32 × 32 k-mesh in combination with a Gaussian smearing of 5 mRy and a plane-wave basis with a cutoff of 80 Ry. Lattice vibrational properties were evaluated based on the calculation of the dynamical matrices on a coarse 8 × 8 q-mesh [48] . Carrier doping effects were self-consistently taken into account by the addition of excess electronic charge into the unit cell system, compensated by a uniform positive jellium background. Electron-phonon matrix elements were calculated considering doping-sensitive fullspinor electron states, phonon states and deformation potentials, on coarse 16 × 16 and 8 × 8 k and q-meshes for electrons and phonons, respectively. The computation of all electronphonon related magnitudes was carried out through fine integrals over the 1BZ, using Wannier scheme interpolated matrix elements [49] [50] [51] . In particular, the 1BZ summations of the retarded phonon self-energy in Eq. 5 are computed using a mesh of 1800 × 1800 k-points with a broadening parameter of η = 1 meV and a smearing energy of 5 meV equivalent to a temperature of 58 K included via the FD occupation factors.
The monolayer MoS 2 consists of a hexagonal close-packed structure of two planes of sulfur (S) atoms with an intercalated plane of molybdenum (Mo) atoms, bounded in a trigonal prismatic arrangement. We considered the in-plane lattice parameter equal to the experimental bulk value a = 3.16 Å [52] , and a height of five times a, which provides a large enough vacuum in order to avoid any interplay between adjacent sheets. In all cases, the equilibrium cell geometry was determined keeping the lattice parameter fixed to a, and relaxing all atomic forces up to at least 10 −6 Ry/a.u.. For the undoped monolayer, the relaxed interplanar distance is equal to 1.56 Å, equivalent to a Mo-S bond length of 2.40 Å.
IV. RESULTS AND DISCUSSION

A. Electronic and vibrational properties of the monolayer MoS 2 within the adiabatic approximation
We start this section by briefly presenting the electronic and vibrational structures of the undoped monolayer MoS 2 within the adiabatic approximation. Figure 1(a) shows the electron conduction-band structure (left) and its corresponding density of states (DOS) (right) on the meV range of energy, while the inset in the left panel shows the band structure on the eV range centered on the semiconducting direct band-gap. The solid blue and dashed red lines represent the opposite out-of-plane spin-polarized conduction bands, due to the pure 2D nature of the system [53] . An energy minimum is predicted at the Q(Q ) points, about 140 meV higher in energy than the main minimum at the K(K ) points. Furthermore, while the K(K ) valleys are almost spin-degenerated, spin-orbit (SO) interaction induces an energy splitting of ∆ SO ∼ 80 meV at the Q(Q ) band edges. Figure 1 in the E branches. The A 1 mode corresponds to the almost dispersionless optical branch at 51 meV at the Γ point, with S atoms vibrating out-of-plane in counterphase. Finally, the A 2 mode corresponds to the highest frequency optical mode with an energy of 59 meV at the Γ point, with Mo atom and S atoms vibrating out-of-plane in counterphase. Our calculations are in excellent agreement with previous theoretical and experimental results [54] [55] [56] [57] .
Henceforth, we focus on the influence of the electrondoping on both the electronic and vibrational properties of the monolayer MoS 2 , which are in fact necessary before addressing our later analysis on the electron-phonon induced non-adiabatic corrections to the phonon spectrum. It is also a valuable examination, as it allows to do a first scan of normal modes coupled to electrons by exploring for instance the presence of frequency softenings. Figures 2(a)-(c) present the conduction-band structure of the doped monolayer MoS 2 (left) and its related DOS (right) for three representative carrier doping concentrations ρ = 0.03, 0.09 and 0.135 e/u.c., respectively [58] . As before, the solid blue and dashed red lines represent the opposite out-of-plane spin-polarized conduction bands. The dashed-dotted green lines delimit the shaded green area that represents the energy window within which an electron-hole pair can be energetically excited by the emission or absorption of a phonon. Additionaly, the inset in the left panels shows the corresponding Fermi contour for each doping level. We can easily distinguish three different doping regimes: the "small" doping regime for ρ 0.06 e/u.c., where only the K(K ) valleys are occupied (see Fig. 2 (a) and supplemental Fig. S1 (a)-(d)); the "intermediate" doping regime for 0.06 e/u.c ρ 0.120 e/u.c, where the lower spin-split Q(Q ) valleys get also populated (see Fig. 2 (b) and supplemental Fig. S1 (e)-(h)); and the "large" doping regime for ρ 0.120 e/u.c., where the upper spin-split Q(Q ) states are finally occupied (see Fig. 2 (c) and supplemental Fig. S1 (i)-(j)). The high doping-sensitivity of the energy difference between the K(K ) and Q(Q ) minima highlights the importance of self-consistently incorporating the impact of doping on the vibrational calculations, where the correct band structure is necessary in order to appropiately account for the electronic static-screening (see Eq. 2). Figure 2 (d)-(f) compare the undoped (solid gray lines) and doped (dashed magenta lines) adiabatic phonon dipersion relations of the monolayer MoS 2 (left) and their corresponding phDOS (right) for the same three carrier concentrations as in Fig. 2 (a)-(c). In the small doping regime, significant frequency dips of ∼ 5 meV are reported for the A 1 and LA branches at q = Γ and M, that sink even more as doping increases (see Fig. 2(d) and supplemental Fig. S2 (a)-(d)). This clearly indicates that these normal modes are coupled to carrier states at K(K ) and Q(Q ) [59], and are hence effectively static-screened at this level by means of spin-conserving K(K ) intra-valley and K ↔ Q (K ↔ Q) inter-valley electron-hole pairs (see Fig. 2(a) ). At intermediate doping concentrations, however, frequency softenings also appear for different branches at q = Q(Q ) and K(K ) (see Fig. 2 (e) and supplemental Fig. S2 (e)-(h)). Besides, the previously observed Kohn anomalies for the LA and A 1 modes at q = Γ and M are also intensified, the former exhibiting impressively large softening values larger than 10 meV. This directly results from the enrichment of the FS topology, which gives rise to additional spin-conserving scattering channels connecting electron and hole states at the K(K ) and/or Q(Q ) valleys (see Supplemental Material of Ref. [31] ), screening the lattice vibrations themselves through the electron-phonon coupling. Finally, within the large doping regime, the inplane acoustic Kohn anomalies develop instabilities at the q = K(K ) and M points, and also at q = Q(Q ) as doping increases (see Fig. 2 (f) and supplemental Fig. S2 (i)-(j)). In this case, all the spin-polarized valleys are occupied, the number of FS-nesting channels being maximum. Hence, the static screening induced by the electron-phonon coupling is so large that a lattice phase transition is energetically favorable [33] .
It is worth noting that the ZA, E and A 2 normal modes are practically insensitive to doping through all BZ, as expected from symmetry arguments [57] . Thus, we exclude them from our following discussion. In this section, we present the first-principles phonon spectral function of the doped monolayer MoS 2 including nonadiabatic renormalizations due to electron-phonon interactions. The phonon spectral function is defined as [36] :
where the retarded dressed phonon Green's function is constructed as in Eq. 9. Physically, the phonon spectral function describes the probability density of phonon states in the momentum-energy (q, ω) space, and is experimentally accessible by means of several techniques [15] . Figure 3 (a)-(d) shows the calculated phonon spectral functions of the monolayer MoS 2 for the representative carrier concentrations within the small doping regime, ρ = 0.03 and 0.06 e/u.c., and within the intermediate doping regime, ρ = 0.09 and 0.12 e/u.c., respectively [60]. The large doping regime is not shown, since the lattice becomes unstable (see Fig. 2(f) ). The dashed black lines show the corresponding adiabatic phonon dispersions. The differences between the adiabatic branches and the main features defined by the spectral function allow to appreciate non-adiabatic corrections.
In the following, we will concentrate on studying more specifically the large and small momentum regimes, q Γ and q ≈ Γ, respectively, as this will allow us to rationalize the results with a simple model theoretical treatment.
Large momentum regime (q Γ)
By the large momentum regime we refer to the set of wave vectors away from Γ that take part in the phonon-mediated inter-valley electronic scattering. This is governed by the doping-dependent topology of the FS, as already noted in Sec. IV A, and comprises momenta near q ≈ Q(Q ), K(K ) and M.
In Fig. 3 , we show that the non-adiabatic corrections do not change the adiabatic vibrational structure within the large momentum regime, and, to a large extent, the renormalized phonon frequencies follow the adiabatic ones, i.e. Ω ν (q) ≈ ω ν (q). Thus, the only significant spectral feature related to the electron-phonon coupling is the broadening of the phonon spectra. Given that in this case the phonon energy is much bigger than its lifetime broadening, we can deduce from Eq. 10 that the phonon linewidth can be taken approximately equal to the imaginary part of the phonon self-energy evaluated at the adiabatic frequency itself, i.e. γ ν (q) ≈ ImΠ ν q, ω ν (q) . From the imaginary part of Eq. 8, this is given by
which is the same as one would obtain by Fermi's golden rule or the Rayleigh-Schrödinger-like scheme mentioned in Sec. II. In Fig. 4(a) and (b), we represent the calculated values of γ ν (q) as a function of doping for the set of the acoustic TA and LA and the optical E and A 1 phonon modes, respectively, evaluated at the momenta q ≈ Q(Q ) (solid blue lines), K(K ) (dotted red lines) and M (dashed green lines). At small doping concentrations (white area), only the interacting LA and A 1 normal modes (squares) with momentum q ≈ M exhibit a weak but appreciable broadening of the linewidth. This is so because in this regime only these specific normal modes are allowed to decay by exciting spin-conserving K ↔ Q (K ↔ Q) inter-valley electron-hole pairs, which are energetically possible via the actual phonon structure for doping concentrations ρ 0.045 e/u.c. (see red dashed lines within the green shaded area in supplemental Fig. S1 ). At intermediate doping concentrations (gray area), the additional energetically available electron-hole pair channels (see Fig. 2(b) ) lead to the effective decay of normal modes also at q ≈ Q(Q ) and K(K ) by acquiring an appreciable finite linewidth broadening (see Fig. 3 (c) and (d) and supplemental Fig. S3 (e)-(h)). Likewise, the broadening of the above discussed phonon peaks at q ≈ M is also enhanced. It is particularly interesting that the LA phonon modes exhibit broadening values as large as three times that of the other modes. Of course, the phonon linewidth is intimately related to the electron-phonon coupling strength as [61]
where N q is the number of q-points considered for the BZ and N E F is the DOS at the Fermi energy, E F . Therefore, the enhancement of the linewidth broadening of the LA phonon mode close to q ≈ M is directly connected to the enhancement of the electron-phonon coupling strength in the electron-doped monolayer MoS 2 from intermediate doping concentrations (ρ 0.06 e/u.c. ≈ 7 × 10 13 e/cm 2 ), as shown in Fig. 4(c) . This is in agreement with the experimentally measured superconducting state appearing from this doping level [27] , as well as to the K(K )-valley intricate electron photoemission spectrum [28] , whose genuine spectral features have been recently explained in terms of three elementary many-body carrier quasi-particle states [31] .
2. Small momentum limit (q → Γ)
In the small momentum limit, we focus on the phonon spectral function for wave vectors close to Γ, that are the ones which take part in the phonon-mediated intra-valley electronic scattering. We thus avoid disccussing the acoustic branches, since their interaction with electrons vanishes when q → Γ [37] .
Unlike in the large momentum regime, in this case the nonadiabatic effects are not only limited to the broadening of the phonon linewidth, but also lead to a large hardening of vibrational frequencies at q = Γ, which is accompanied by an increasingly steeper dispersion of the branch, completely breaking the adiabatic picture [12, 13] . While at small doping concentrations only the out-of-plane polarized A 1 optical phonon branch exhibits significant spectral features in Fig. 3(a) and (b), at intermediate doping concentrations the in-plane polarized E optical normal modes also display appreciable spectral features in Fig. 3(c) and (d) . The latter appear rather unsensitive to doping, which is consistent with the fact that electronphonon matrix elements do not vary with larger carrier concentrations.
Henceforth, we focus exclusively on the A 1 branch, which reveals the most interesting and complex evolution of the spectral features upon doping. In order to get more insight about the physics of this intriguing case, we use a simple analytic model of the monolayer MoS 2 that reproduces the 
where k x F is the Fermi momentum for each x = K (outer lines) and Q-like (inner lines) valley.
first-principles results (see the supplemental Note S3 for details). We consider an Einstein-like model consisting on a 2D free electron gas interacting with one single optical vibrational branch with the same properties as the A 1 phonon mode. The electron gas is composed of four equivalent K-like and six equivalent Q-like parabolic bands, one for each direction of the spin polarization and each valley (see Fig. 2 (a)-(c)), with m * (K) = 0.60 and m * (Q) = 0.80 electron effective band masses, respectively. Since the spin-split bands are oppositely spin-polarized, inter-band scattering can be safely neglected, and thereby, an analytical expression for the phonon self-energy of the coupled electron-phonon model is built directly from Eq. 8:
where χ 0,x 2D (q, ω) and g A 1 (x) represent the 2D Lindhard function [62] and the matrix element describing the coupling of the A 1 phonon mode of wave vector q = Γ with electrons at the x = K(K ) and Q(Q ) points, respectively. The latter are taken from first-principles calculations. Table I gathers the values of the Fermi level as well as the matrix elements for all the considered carrier concentrations.
The color code in Fig. 5 represents the spectral function of the A 1 phonon mode obtained from ab initio calculations (zoom in of Fig. 3 ) and using the Einstein-like model, both evaluated in the small momentum limit along the ΓK direction for the same carrier concentrations as in Fig. 3 [63] . The good agreement between both vibrational spectra for all doping levels confirms that our analytic model contains the relevant physics of the non-adiabatic renormalizations due to the electron-phonon interaction. We see that the intensity of the spectral effects decreases with larger carrier concentrations within the small doping regime, where only K(K ) intra-valley electron-hole scattering occurs (see Fig. 5 (a)-(b) and supplemental Fig. S4(a)-(d) ). This trend is explained by a screening induced reduction of the value of the matrix element g A 1 (K) upon charge carrier accumulation (see Table I ). Oppositely, the spectral effects are outstandingly enhanced as the doping concentration grows within the intermediate doping regime, where Q(Q ) intra-valley electronic transitions are also allowed (see Fig. 5 (c)-(d) and supplemental Fig. S4 (e)-(h)). In particular, at ρ = 0.12 e/u.c. in Fig. 5(d) , the renormalization of the adiabatic frequency ω ν (q) = 43 meV results in a sharp phonon peak with maximum at frequency ω ≈ 57 meV at q = Γ and ω ≈ 63 meV at |q| ≈ 0.05 Å −1 in the ΓK direction. These values correspond to a frequency enhancement of ∼ 33% and ∼ 46%, respectively, representing both of them the largest energy renormalization reported value so far in any material (∼ 30%) [20] . Indeed, at intermediate doping concentrations, g A 1 (Q) is larger than g A 1 (K) and increases with doping (see Table I ), a behaviour that has been recently explained in terms of an electrostatic screening suppression caused by out-of-plane deformation potentials [25] . to the bottom of the occupied K and Q valleys, respectively. g A 1 (K) and g A 1 (Q) are the intra-band electronphonon matrix elements of the A 1 phonon mode at q = Γ interacting with electron states at strictly k = K and k = Q, respectively. For all the considered doping levels in Fig. 5 , it is seen that the main renormalized phonon peak acquires an appreciable broadening at a given finite momentum |q| ≈ 0.03−0.05 Å −1 .
By exploring the spectral functions of the Einstein-like model, we quickly notice that the broadening occurs as soon as the vibrational peak enters the dissipative electron-hole excitation pair continua of the K and Q-like valleys, bounded by solid gray lines in Fig. 5 . Indeed, phonons with frequencies higher than the boundary of the Landau damping region have too much energy to decay by exciting any electron-hole pair, and are therefore well-defined quasi-particles with long lifetimes, since in this case ImΠ A 1 (q, ω) = 0. However, from a quantum many-body point of view, these phonons are allowed to simultaneously excite and reabsorb virtual electronhole pairs of lower-energy, even in the absence of available energy [64] . Thereby, a dressing cloud of charge carriers is produced, which oscillates with the lattice and results in an increase of the vibrational frequencies. This gives a physical explanation to the hardening and steeper dispersions in Fig. 5 . Note that close to the border of the damping region, the undamped renormalized phonon frequency is maximum and follows the dispersion of the dissipative electronic continuum edge. Indeed, at this frequency, the lattice and the dressing electronic cloud vibrate in phase, and therefore, the phonon phase velocity coincides with the Fermi velocity, v F , as Ω A 1 (q)/|q| ≈ |v F | [12, 13] . At higher momenta, phonons acquire a finite lifetime, since they are energetically allowed to decay by exciting real electron-hole pairs, which gives ImΠ A 1 (q, ω) = 0. Besides, for these damped phonons, the frequency renormalizations vanish.
The above spectral signatures have been explained with a simple free electron gas model, and therefore, are not unique to the doped monolayer MoS 2 . Indeed, the occurrence of this phenomenon should be expected for any optical phonon branch within the small momentum regime in the presence of strong electron-phonon coupling.
C. Vibrational quasi-particle branch splitting induced by the electron-phonon interaction in the small momentum regime
We start this final section analyzing in more detail the dynamical structure of the spectral function for the strongly interacting A 1 optical phonon mode within the small momentum regime. By exploring more closely Fig. 5 , we observe that along with the above illustrated main renormalized phonon peak around ω ∼ 55 − 65 meV, a substantial part of the spectral weight remains in the lower frequency range of the phonon spectrum (see blue area). This spectral feature develops inside the boundary of the dissipative electron-hole continuum, and thus, has quite a wide structure. While inmediately close to q = Γ its spectral weight is negligible, the low-frequency feature accumulates an increasing weight when approaching the adiabatic optical branch to the detriment of the high-frequency peak. This weight also increases with the strength of the non-adiabatic effects, and hence with the electron-phonon coupling upon doping.
Let us try to explain the vibrational spectral details in terms of phonon quasi-particle poles. As seen in Sec. II, the quasiparticle poles of the dressed phonon propagator are properly defined in the whole complex frequency plane. Besides, the non-linear character of the Dyson's equation in Eq. 10 leads to the possibility of finding several solutions, as found for electrons [11, 31, 40, 41] . Assuming that the phonon self-energy is analytic in the entire complex frequency plane, the dressed phonon Green's function is given by
Suppose now that this function has several poles, labelled by the index j, and located in the lower half complex plane at z ( j)
In this way, one can define the first-order Laurent series expansion of D ν (q, z) (Eq. 15) around them,
where Z ( j) ν (q) is the renormalization factor of the phonon quasi-particle pole, which is mathematically defined as the complex residue of D ν (q, z) evaluated at z 
Noting that Z 
Again, similar to electrons, the imaginary character of Z ( j) ν (q) in Eq. 18 leads to the appearence of distorted or asymmetric peaks in the vibrational spectral function [41] . Besides, the total phonon spectral weight coming from the vibrational quasi-particle modes is equivalent to the sum of the real parts of Z ( j) ν (q) and must be smaller than or equal to unity (see the supplemental Note S6) [41] . Still, The most standard procedure to rationalize the phonon spectral function in terms of quasi-particle solutions is to completely neglect the imaginary part of the renormalization factors.
In Fig. 6(a) , we represent a cut of the dressed phonon spectral function, B A 1 (q s , ω) (gray area), calculated from first- (q s ), within the Rayleigh-Schrödinger (x = RS) and Brillouin-Wigner (x = BW) perturbation theories, and within the spectral fitting procedure, x = (1) and (2), starting from the adiabatic frequency ω A 1 (q s ) = 43.1 meV for the A 1 optical phonon mode and ρ = 0.12 e/u.c. at q s . Recall that the quasiparticle complex poles are defined as z x
x principles (Eq. 11) for the A 1 mode and ρ = 0.12 e/u.c., at the momentum q s = |q| = 0.05 Å −1 along the ΓK direction.
We also show the phonon quasi-particle spectral functions obtained by considering the Rayleigh-Schrödinger, B RS (q s , ω) roughly approximates its highfrequency spectral feature. This is consistent with the fact that the Brillouin-Wigner perturbation theory is only valid when ImΠ A 1 (q s , ω) ReΠ A 1 (q s , ω), which is satisfied in the vicinity of Ω BW A 1 (q s ), as can be appreciated in Fig. 6(b) . There, the real and imaginary parts of the first-principles phonon selfenergy evaluated at q s are represented by the solid orange and dashed magenta lines, respectively.
The low-frequency ab initio spectral feature at ω ≈ 36 meV develops at frequencies where the imaginary part of the selfenergy is larger than the real part (see Fig. 6(b) ). It is therefore reasonable to think that this spectral feature originates from an additional phonon quasi-particle pole with larger linewidth. Using Eq. 18, we developed a numerical fitting procedure of B A 1 (q s , ω) in order to extract the complex poles and the complex renormalization factors of the phonon quasi-particles. We find that a double complex pole picture is consistent with the structure of the ab initio phonon spectral function, whose results are presented in Fig. 7 . Their phonon quasiparticle frequency, linewidth and (complex) renormalization factor values are gathered in Table II . Note that the spectral weight corresponding to the high-(1) and low-frequency (2) poles represent about the 65% and 35% of the total, respectively. The spectral contributions from each phonon quasiparticle pole are labelled as B 
line) and B
(2) A 1 (q s , ω) (long-dashed green line), respectively (see Fig. 7(a) ), and their simple addition, B qp A 1 (q s , ω) (solid black line), fits perfectly with the ab initio spectral function (see yellow line in the inset panel of Fig. 7(a) ). Figure 7 (b) exhibits the contour map of the phonon quasi-particle spectral function in the whole complex frequency plane, with the highand the low-frequency poles found at z
respectively. Physically, the high-frequency phonon quasiparticle mode has its frequency within the Landau damping region of the K(K ) valleys and acquires a finite linewidth due to allowed intra-valley electron-hole pairs excitations. However, it is also more energetic than the threshold of the Landau damping at Q(Q ) valleys. Thereby, the excitation of virtual electron-hole processes is strongly promoted, leading to a strong frequency renormalization of this mode (see Sec. IV B). On the other hand, the low-frequency phonon quasi-particle mode has its frequency also within the dissipative continuum of the Q(Q ) valleys. Thus, this mode decays into the corresponding electron-hole pair excitations and results highly damped, with a linewidths 3.5 times larger than that of the high-frequency mode (see Table II ).
We conclude that the double-phonon quasi-particle picture puts in evidence the splitting of the adiabatic A 1 vibrational mode at q s into two different and well-defined nonadiabatic modes, which is an effect due to the electronphonon coupling. Figure 8 (a) and (b) compare the frequency and linewidth dispersions, respectively, of the phonon quasiparticle modes resulting from the standard methods and the spectral fitting procedure for the A 1 optical vibrational branch and ρ = 0.12 e/u.c., within the small momentum regime along the ΓK direction. A single-phonon quasi-particle picture (see light-dashed and dark-solid blue lines) is valid very close to Γ and deep within the Landau damping region, while the non-adiabatic splitting of the optical branch occurs in the vicinity of the edge of the electron-hole excitation pair continua (see gray lines). Moving away from the Γ point, as the renormalized high-frequency optical branch (see red circles) approaches the Landau damping region, its spectral weight is smoothly transfered to the highly-damped low-frequency acoustic branch (see green squares). Once the high-frequency peak overlaps with the electron-hole pair continua at momentum |q| ≈ q s , its linewidth broadens rapidly, coinciding with the total transfer of its spectral weight to the emergent lowfrequency branch, which follows at higher momenta a damped dispersion similar to the adiabatic one and a linewidth in the range of 5 − 10 meV.
V. CONCLUSIONS
In summary, we have studied the non-adiabatic effects due to the electron-phonon interaction on the vibrational spectrum of the electron-doped monolayer MoS 2 . We have found that the linewidth of phonon modes increases with doping as the spin-split conduction-valleys get populated. This causes the strengthening of the electron-phonon coupling, which is at the origin of the experimentally measured superconductivity onset [27] . Likewise, we have found that as soon as all the spinsplit conduction-valleys are fully occupied, the enhancement of the electron-phonon interaction is so strong that lattice instabilities are induced in the vibrational structure. Moreover, we found that the optical branches appear very strongly renormalized when approaching the area corresponding to the Landau damping, the reason being that the virtual excitation of electron-hole pairs is heavily promoted. In fact, the original adiabatic branch is split into two physically different quasiparticle phonon states. Though MoS 2 represents a good example of strong electron-phonon monolayer system with a relatively simple electron valley structure, it is evident that the physics described in this article is of a general nature.
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In this section, we present an alternative way for obtaining, from combining density functional perturbation theory and density linear response theory, the expression in Eq.5 of the main text for the phonon self-energy due to the electron-phonon interaction. Let start by deducing Eq.2 of the main text. For a relaxed crystal in equilibrium, the Fourier transform of the interatomic force constant (IFC) matrix within the adiabatic and harmonic approximations is written as follows [S1]
where n(r), V ext (r) and E ion are the electron charge density, the electron-ion interaction external potential and the Coulomb interaction energy between nuclei, respectively. u α s (q) corresponds to the displacement of the s-th ion along the α direction for a lattice distortion of wave-vector q. ∂ n(r)/∂ u α s (q) is the self-consistent static-screened change of the charge density and ∂V ext (r)/∂ u α s (q) is the bare change of the external potential. Within the density linear response theory, the self-consistent static-screened changes of both the charge density and the external potential are related in the following way [S2] ∂ n(r)
where ∂V scf (r)/∂ u α s (q) is the self-consistent static-screened change of the external potential with respect to the ionic displacement u α s (q). χ 0 q (r, r , 0) is the frequency-independent (ω = 0) component of χ 0 q (r, r , ω), which represents the density-response function of the non-interacting electronic system and is defined as
where ε k n and ψ k n (r) are the energy and wave function, respectively, of the Kohn-Sham (KS) single-particle electron state of band index n and momentum k. f (ε k n ) represents the Fermi-Dirac (FD) occupation factor of the KS state, η is a positive real infinitesimal and N k is the number of k-points considered in the Brillouin zone (BZ). In addition, the self-consistent staticscreened change of the external potential is related to its bare change in the following way [S2]
which can be rewritten as
where K(r, r ) is the Hartree and exchange-correlation kernel. Plugging now Eqs. S2 and S5 into Eq. S1, one easily recovers the Eq.2 of the main text,
This expression is based on the adiabatic approximation, i.e. it does only account for the electrostatic screening of lattice vibrations, since charge carriers are assumed to respond instantaneously to the motion of ions. In order to account for the retardation effects on the electronic response to the ionic motion, i.e. the effects due to the electron-phonon interaction beyond the adiabatic approximation or simply non-adiabatic effects, a fully dynamic electronic screening must be incorporated in Eq. S6. This should be properly done by considering the finite-frequency (ω = 0) contributions to the non-interacting density-response function,
S3. ANALYTICAL EXPRESSION FOR THE PHONON SELF-ENERGY FOR AN EINSTEIN-LIKE MODEL OF A 2D COUPLED ELECTRON-PHONON SYSTEM
Our Einstein-like model consists on a bare free electron gas with a single and non-degenerate parabolically dispersing band, ε k = |k 2 |/(2m * ) − E F , with m * the electron effective band mass and E F the energy of the Fermi level. This band interacts with a single optical phonon mode, supposed here adiabatic, of frequency ω o at zero temperature. The strength of the coupling is defined by means of a constant electron-phonon matrix element g o . From Eq. S12, the phonon self-energy that accounts for the non-adiabatic renormalization effects due to the electron-phonon interaction within this model is written as
Intra-valley processes are exclusively considered in the present model. Since the case we are dealing with is a monolayer, i.e. a pure 2D material, we conveniently approach the sum in Eq. S18 to a 2D integral
where A is the area of the unit cell. Performing the above substitution in Eq. S18, the non-adiabatic phonon self-energy for the 2D Einstein model can be rewritten asΠ
where χ 0 2D (q, ω) is the integral expression for the 2D Lindhard function, i.e. the polarizability or density-response function for the 2D non-interacting free electron gas, given by
This integral has the following well-known analytical result [S12]
where n F = m * /(2π) is the density of states (DOS) of a 2D free electron gas evaluated at the Fermi level and k F represents the electron momentum at the Fermi level, k F = √ 2m * E F . The analytical expression for the 2D Lindhard function in Eq. S22 depends explicitly on the latter magnitudes.
This model has been used for evaluating and understanding non-adiabatic renormalization effects on the A 1 optical phonon branch of the electron-doped monolayer MoS 2 in the small momentum regime, q → Γ. The low-energy range of conductionbands consists of two almost spin-degenerated valleys in the k = K(K ) points and two spin-split valleys in the k = Q(Q ) points, which each have three equivalent points inside the BZ. In the model, we consider 4 equivalent K-like valleys as well as 6 equivalent lower spin-split Q-like valleys. Higher spin-split bands of the Q(Q ) points are not included within the model, since the lattice becomes unstable as soon as these valleys are populated (see Fig.2 (c) of the main text and Fig. S2 (i)-(j)). The Kand Q-like valleys energy dispersions have been characterized by means of a parabolic fit for the ab initio calculated structures with respect to the ΓK direction. We obtain m * (K) = 0.60 and m * (Q) = 0.80, respectively. Following all the above arguments and explanations, we arrive to the following expression for the non-adiabatic phonon self-energy of the 2D Einstein model, equivalent to the Eq.16 of the main text,
where χ 0,x 2D (q, ω) and g A 1 (x) represent the 2D Lindhard function and the intra-band electron-phonon matrix elements for the A 1 phonon mode at q = Γ interacting with electron states at strictly x = K and x = Q valleys, respectively. The Fermi level energy, and hence the Fermi momentum, and the electron-phonon matrix elements for each equivalent valley and the A 1 optical phonon branch are taken equal from first-principles calculations for all the considered carrier concentrations and are collected in the Table I of the main text. 
